ALGEBRO-GEOMETRIC CHARACTERIZATION OF 
CAYLEY POLYTOPES 



ATSUSHI ITO 

Abstract. In this paper, we give an algebro-geometric charac- 
terization of Cayley polytopes. As a special case, we also charac- 
terize lattice polytopes with lattice width one by using Seshadri 
constants. 
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1. Introduction 

Let Pq, . . . , P r be lattice polytopes in W. The Cayley sum P *- ■ -*P r 
is defined to be the convex hull of (P x 0) U (Pi x ei) U . . . U (P r x e r ) 
in R s x W for the standard basis ei, . . . , e r of W. 

A lattice polytope P C M. n is said to be a Cayley polytope of length 
r + 1, if there exists an affine isomorphism Z™ = U l ~ T x Z r identifying 
P with the Cayley sum P *- ■ -*P r for some lattice polytopes Pq, . . . ,P r 
in M n_r . In other words, P is a Cayley polytope of length r + 1 if and 
only if P is mapped onto a unimodular r-simplex by a lattice projection 
R n ->■ W. 

Cayley polytopes are related to discriminants, resultants, and dual 
defects. See for instance [DDF] . [DNj . |GKZ] . 
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On the other hand, a polarized toric variety (Xp,Lp) is defined for 
any lattice polytope P C M™ of dimension n. 

In this paper, we give an algebro-geometric characterization of Cay- 
ley polytopes: 

Theorem 1.1. Let P C M n be a lattice polytope of dimension n. Then 
P is a Cayley polytope of length r + 1 if and only if (Xp, Lp) is covered 
by r-planes. 

See Definition 12.41 for the definition of "covered by r-planes". An 
important point to note here is that we do not need any assumption 
on the singularities of Xp nor the lattice spanned by P fl Z n . As a 
corollary of this theorem, we obtain a sufficient condition such that 
a lattice polytope P is a Cayley polytope by using dual defects (see 
Corollary 14. 2p . In |CD] , projective Q-factorial toric varieties covered by 
lines (=l-planes) are studied in detail, and Theorem 1 1 . 1 1 and Corollary 
14.21 generalize some of their results. 

We investigate the case r = 1 a little more. For a polarized variety 
(X, L), we can define a positive number e(X, L; 1), which is called the 
Seshadri constant of (X, L) at a very general point. This is an invari- 
ant measuring the positivity of (X, L). In the following theorem, we 
characterize Cayley polytopes of length 2 by using Seshadri constants: 

Theorem 1.2. Let P C K" be a lattice polytope of dimension n. Then 
the following are equivalent: 

i) P is a Cayley polytope of length 2, 

ii) (Xp, Lp) is covered by lines, 
hi) e{Xp,L P ;l) = l. 

In general, it is very difficult to compute Seshadri constants. Theo- 
rem 11.21 gives an explicit description for which lattice polytope P the 
Seshadri constant e(X P ,L P ; 1) is one. 

This paper is organized as follows: In Section 2, we make some 
preliminaries. In Section 3, we give the proof of Theorem 11.11 In 
Section 4, we state a relation of Cayley polytopes and dual defects. In 
Section 5, we prove Theorem 11.21 

Acknowledgments. The author would like to express his gratitude 
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He would like to thank Professor Sandra Di Rocco for valuable sug- 
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Yujiro Kawamata for giving him useful comments. 
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2. Preliminaries 

We denote by N, Z, R, and C the set of all natural numbers, integers, 
real numbers, and complex numbers respectively. In this paper, N 
contains 0. We denote C \ by C x . 

Let us denote by ei, . . . , e n the standard basis of Z n or R n . A lattice 
polytope in W 1 is the convex hull of finite points in Z n . The dimen- 
sion of a lattice polytope P C W 1 is the dimension of the affine space 
spanned by P. For a subset S in an M-vector space, we write S(5 r ) for 
the closed convex cone spanned by S. 

Throughout this paper, we consider varieties or schemes over the 
complex number field C. For a variety X, we say a property holds at 
a general point of X if it holds for all points in the complement of a 
proper algebraic subset. For a variety X, we say a property holds at a 
very general point of X if it holds for all points in the complement of 
the union of countably many proper subvarieties. 

2.1. Cayley polytopes and r-planes. We say a linear map M n — >• M r 
is a lattice projection if it is induced from a surjective group homomor- 
phism Z n ->■ Z r . 

Let us recall the definitions of Cayley polytopes and lattice width. 

Definition 2.1. Let P be a lattice polytope in R n and r a positive 
integer. We say P is a Cayley polytope of length r + 1 if there exists 
a lattice projection onto a unimodular r-simplex. A unimodular r- 
simplex is a lattice polytope in W which is identified with the convex 
hull of 0, ei, . . . , e r by a Z-affine translation. 

Definition 2.2. Let P be a lattice polytope in R n . The lattice width 
of P is the minimum of max ue p(«, v) — min ue p(u, v) over all non-zero 
integer linear forms v. 

Remark 2.3. See |BN] or |DHNPj for other definitions of Cayley poly- 
topes. Note that P has lattice width one if and only if P is an n- 
dimensional Cayley polytope of length 2. 

We define r-planes as follows: 

Definition 2.4. Let r be a positive integer. A polarized variety (X, L) 
is called an r-plane if it is isomorphic to (P r ,(9(l)) as a polarized 
variety. Sometimes we say X is an r-plane if the polarization L is 
clear (e.g. a subvariety in a polarized variety). 
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Let (X, L) be a polarized variety. We say that (X, L) is covered by 
r-planes, if for any general point pGl there exists an r-plane Z G X 
containing p. When r = 1, we say that (X, L) is covered by lines. 

2.2. Toric varieties. In this subsection, we prepare notations about 
toric varieties used in this paper. We refer the reader to |Fu] for a 
further treatment. 

Let P be a lattice polytope of dimension n in PJ\ Then we can define 
the polarized toric variety associated to P as 

(X P ,L P ) = (ProjC[r P ],0(l)), 

where T P := £({1} xP)fl(Nx Z n ) is a subsemigroup of N x Z n . We 
consider that T P is graded by N, whose degree k part is T P fl ({k} x 
Z n ) = {k} x (kP fl Z n ). There exists a natural action on Xp by the 
torus (C x ) n . We denote the maximal orbit in Xp by Op = (C x ) n . The 
action (C x ) n x Xp — > Xp is the extension of the group structure 



(C x ) n x (C x ) n (C x ) n ;( 
where a = (ax, ... , a n ), b = (pi, . 



a, b) i — y (ai&i, 
b n ) e (C x )«. 



j Q"nPn)i 



By definition, a lattice point u in P fl Z™ corresponds to a global 
section a; 1 * in H°(Xp,Lp). It is well known that such global sections 
form a basis of H°(Xp,Lp) and the linear system \L P \ is base point 
free. We denote by (f)p the morphism Xp — >■ defined by |£p|, where 
X = #(PnZ") — 1. Note that 0p is a finite morphism onto the image. 

We will use the following lemma repeatedly in the subsequent sec- 
tions. This is well known, but we prove it for the convenience of the 
reader: 

Lemma 2.5. Let P C W 1 be a lattice polytope of dimension n and 
7i : W 1 — > W a lattice projection. Then there is a birational finite 
morphism onto the image i : X^( P \ — » Xp such that t*(Lp) = L^tpy 

Proof. Consider the following diagram: 

£({1} x P)c ,lx R n 



id-, X7T 



£({1} x tv(P)Y 



X 



By intersecting with N x Z n or N x Z r , we have 

r P = £({i} x p) n (N x z n Y n x z n 



Y <P) = £({1} x tt(P)) n (N x Z 



id^ x^\z n 

N x Z r . 
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Set T' = (id^ X7r|zr)(rp). Then the above diagram induces 
X P = Proj C[T P ] - >(C x ) n 

o 

ProjC[r'] - >(C x ) r . 

Note that T' generates Z x II as a group and S(r') = £({1} x 
7r(P)) because P is n- dimensional. So there exists the normalization 
morphism (cf. [Ei] Exercise 4.22]) 

tiX^^Projqr'] (^x P ). 

By the construction of i, it is clear that i*(Lp) = L^/py □ 

3. Proof of Theorem 11.11 

This section is devoted to the proof of Theorem II. 11 = Theorem 13.11 

Theorem 3.1. Let P G MP be a lattice polytope of dimension n. Then 
P is a Cayley polytope of length r + 1 if and only if (Xp, Lp) is covered 
by r-planes. 

Proof. If P is a Cayley polytope of length r + 1, then there exists a 
birational finite morphism onto the image i : P r — > Xp by Lemma 
12.51 Furthermore, there exists a finite morphism = 0p : Xp — > ¥ . 
We denote by Z C Xp the image of P r by the morphism i. Set Z' = 
(poi(F r ) = (f)(Z) in F N . Since {<p o l)*O w n(1) = l*L p = CV(1), it holds 
that 

l = O P ,(l) r = deg(0oO-Oz'(l) r , 
where deg(0 o i) is the degree of the finite morphism o i : P r — > Z'. 
Both of deg(0 o t) and 0^/(l) r are positive integers. Hence we have 
deg(0 ot) = Oz'iXY = 1- Thus Z' C is an r-plane and <fi o l is 
birational. Since Z' is smooth and o t is a birational finite morphism, 
o i : P r — >■ Z' is an isomorphism. Hence t : (P r , Ojpr(l)) — > (Z, Lp\z) 
is also an isomorphism, i.e. Z is an r-plane in Xp. Note that Z R Op 
is not empty, so by the torus action (Xp, Lp) is covered by r-planes. 

Let us prove the converse, so assume that (X P , L P ) is covered by r- 
planes. We may assume that G Z™ is a vertex of P. Thus throughout 
this proof, set P fl Z n = {u , . . . , u^} and m = 0. 

Since (Xp,Lp) is covered by r-planes, there exists an r-plane Z C 
Xp containing 1 P := (1, . . . , 1) G (C x )" = P C X P . Let Z' C F N 
be the image of Z by = 0p : Xp — >■ P w . Then it is easy to see 
that : (Z,Lp\z) —> (Z',0(1)) is an isomorphism and Z' C F N is an 
r-plane by the argument similar to that of the "only if" part of this 
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proof. Note that Z' contains 1 N := (1, . . . , 1) G (C X ) 7V C P^ because 

0(lp) = In- 

Our idea of proof is the following: 
Step 1. By using the torus action, we degenerate Z to another r -plane 

Z C Xp containing lp such that the embedding P r = <f)(Z) P^ 
is a toric morphism, i.e. a morphism induced by a lattice projection 
R N ->■ W as Lemma\2Jk 

Step 2. By using the above lattice projection, we define another lattice 

projection W 1 — > W which maps P onto a unimodular r -simplex. 

To clarify the idea of proof, we first show the case r = 1. When 
r = 1, we write C, I instead of Z, Z'. 

Step 1. By definition, I is a line on P^ containing ljv- Thus we 
can write 

I D C N = ljv + Ca 

for some vector a = (a 1; . . . , ajy) G C N \ 0, where C N C F N is the open 
set defined by T ^ for the homogeneous coordinates T , . . . , T/y. For 
any point p in Op, there exist automorphisms p~ l - : Xp — » Xp and 
: P^ — » P^ induced by torus actions. Hence any point p in 
C C\ Op induces an isomorphism 

0| p -i. c : p- 1 • c -> Hp)' 1 ■ i- 

Since lp = • p is contained in p~ l ■ C, the line (f){p)~ l ■ I contains 
ljv- From this, we have 

(Hp)- 1 -i)nc N = i n + c Hp)- 1 ■ a. 

Let us denote 00) = l N + t p a e I C) (C X ) N for t p G C. Moving 
p G C H Op so that |t p | — >■ +oo and taking limits, we have a morphism 

where C C Xp and Z C P^ are the limits of p- 1 ■ C and ■ I 

in the Hilbert schemes respectively. A limit of lines is also a line, so 
<p : (C,L P \ G ) (Z,0(1)) = (P 1 ,C(l)|is also isomorphic. Moreover 
p- 1 ■ C contains lp for any p, so does C. 
When \t p \ +oo, 

Hp)~ 1 ■ ^ a = (C 1 + < P a 1 ) -1 t p ai, . . . , (1 + t p a N )~H p a N ) 

converges to a = (aj, . . . , ajv) G C^, where 

f 1 ifa^O 
\ if a,- = . 
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Since I fl is the limit of 1 ^ + C <fi(p) 1 ■ a = 1 N + C (p(p) 1 • t p a, we 
can write 

/"nc^ = 1 N + Ca. 

From this description, C x = I n (C X ) N ^ (C X ) N C F N can be 
written as 

t !-)> (t* 1 ,. 

for t G C x . Therefore P 1 = / P^ is the toric morphism defined by 
the lattice projection 



— > K] ej i — y a,j 



and the iV-simplex in Mr spanned by 0, ex, . . . , as Lemma [2.51 
Step 2. Restricting the diagram 

X P ^F N 



C ^ I = P 1 




to the maximal orbits, we have 

(C x ) n 



(C 



x\N 



Considering the coordinate rings, we have 

C[Z n ] -S— C[Z N ] 

/ X ;; 
C[Z] 

By the definition of <ft and the assumption u = 0, the ring homomor- 
phism 0* is induced by the following group homomorphism 

7r : Z N -> Z n ; ^ 

for 1 < j < JV, i.e. 

holds for each u' G Z . On a while, g is induced by the surjective group 
homomorphism 

/x : Z w — > Z; ej i-» cij 

from Step 1. By using tt and /i, we can define a group homomorphism 
7r' : Z n — >■ Z which induces the ring homomorphism / as follows: 
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For any mgZ", there exists a positive integer m such that mu is con- 
tained in tt(Z n ). Thus we can take u' G Z N such that mu = tt(u'). By 
the commutativity of the above diagram, we have f(x mu ) = g(x u ) = 
x n(u')_ gj nce f(x mu ) = f(x u ) m holds, ji(u')/m must be contained in 
Z and f(x u ) = c ■ x ^ u '^ m for some c G C x . Furthermore 1 G C x 
is mapped to lp G X P by a, so c must be 1. Thus we can define 
tt' : Z n Z by 

/*(«') 



7T'(«) 



It is easy to show that tt' is well defined and a group homomorphism 
which induces /. 

Since a : P 1 — > Xp is a closed embedding, / is surjective. This 
means that tt' is also surjective. Furthermore fi = tt' o 7r holds by the 



definition of 7r', hence we have 7i'{uj) = it' oixiej) = fi(ej 



G{0,1} 



for each j G {1, . . . , iV}. Since P is the convex hull of 0, ui, . . . , un, the 
lattice projection induced by tt' maps P onto the closed interval [0, 1] 
in R. This means that P is a Cayley polytope of length 2. 

When r > 1, the idea is same. Let Z C Xp be an r-plane containing 
lp and = <p{Z) C P^. Since Z' is an r-plane in containing 1^, 
we can write 

z'nc N = i N + v, 

where V is an r-dimensional linear subspace of C^. Then we can choose 
a basis a±, . . . ,a r G C n of V such that j\ > ji > ■ ■ ■ > jr • • • (*) holds, 
where = (an, . . . , a^jv) and jj = min{ j | 7^ 0}. In other words, 



the matrix ( a\, 



is the following type: 



/ ai \ 

a 2 



/ * 








\ a r / \ 0... * ... J 

Similarly to the case r — 1, any point p E Op induces an isomorphism 

0| p -i. z : p- 1 • Z (^(p)- 1 • Z'. 

Choose p G Z fl Op satisfying (fi(p) = ljv + £ P a r for some t p G C and 
take limits of p _1 ■ Z and </>(p) -1 • Z' by moving p so that \t p \ — >■ +00. 
We denote the limits by Z^ C X P and Z'^^ C F N respectively, both 
of which are r-planes. 
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W^-^nc" = \ N + <p( P y l -v 

r 

= l N + C <Kp) _1 • a* 
i=i 

holds because In = • 4>{p) * s contained in (pip)' 1 • Z' . For t p ^ 0, 

it holds that 

£ ■ di = C((l + t p a rl )~ 1 a il ,...,(l + t p a rN )~ l a iN ) 

= C((l + t p a r i) 1 t p an, . . . , (1 + t p a r ]y) 1 t p ajjv). 

When \t p \ — > +oo, 

■ a* = ((1 + * p a r i) -1 aa, . . . , (1 + * p a r jv) -1 aiJv) 

converges to = {a^)j for i ^ r, where 

(i) f aij if a rj = 
\ if a rj ^ . 

Note that is not since ^ and a r j t = for any % ^ r by (*). 
On the other hand, 

• t p a r = ((1 + tpar^tpdri, . . . , (1 + t p a rN )~H p a rN ) 
converges to = (af?j)j, where 

(i) / if a rj = 
r -» \ 1 if a ri ^ . 

It is easy to see that ,.. ., off are linearly independent by the 
condition (*), so we have 

^nc N = i N + 0Ca ! (1) . 

1=1 

Now Z<M is an r-plane containing 1 P and (f)\ Z (i) : Z^ — >■ Z^ 1 ) is also 
isomorphic. We choose p G Z^ fl Op satisfying = 1 N + ^o^-i f° r 
some t p and take limits by moving p so that \t p \ — >■ +oo. We denote 
the limits by Z^ and Z't 2 ) respectively. Note that a^, . . . ,0$ also 
satisfy the condition (*). In fact min{ j \ ^ 0} = min{ j \ off ^ 0} 
holds by definition. By similar arguments, we have 

z'^nc N = l JV + 0CaS 2) , 

i=l 
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where = {a\j')j and 



(2h 



for i ^ r — 1, and 



(2) 



,(2) 



a (1) ifa {1) 



V-1J 




if 0^=0 

1 Xa£>' ^0. 



Note that = if a^- ^ 0, so a£ 2) = ai 1] holds. 

By repeating these operations r times, we obtain Z^ C Xp and 
^'M q p^v containing 1 P and 1 jv respectively, and linearly independent 
vectors a(\ . . . , G such that 

i) 0lzM '■ (Z^'\ Lp\ Z ( r )) —¥ (Z'( r \0(l)) is an isomorphism, 

ii) z>^nc N = l N + & i=1 Ca ( f\ 



m) a], = or I. For each j, there are at most one % such that 



,(r) 



Note that Z^ r ^ and Z'( r ) are r-planes by i) and ii). By iii), we can define 
ij G {0,1, ... ,r} for j — 1, . . . , N as follows: 

If { i | a!(j = 1} is not empty, we set ij = i satisfying off = 1. Otherwise 



we set ii 



0. 



As in the case r = 1, we have the following diagram 

C[Z n ) ^— C[Z N ] 




C[Z r 



induced from 




= P r . 

From the construction of Z'^ and , it is easy to see that g is induced 
by the group homomorphism 

jj, : Z N — > Z r ; Cj \-¥ ej ., 

where we consider eo as G Z r . Similar to the case r = 1, we can define 
a surjective group homomorphism n' : Z n — > Z r such that / is induced 
by 7r' and ji = ir' o 7r, where 7r : Z w — » Z n is the group homomorphism 
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which induces <fi* . The surjectivity of it' follows from the that of /. It 
is easily shown that the lattice projection induced from it' maps P onto 
the r-simplex spanned by 0, e\, . . . , e r e R r because ir'(uj) = e*. holds 
for each j. Thus P is a Cayley polytope of length r + 1. □ 

4. Dual defects 

Cayley polytopes are often studied with related to dual defects. 

Definition 4.1. Let X C P^ be a projective variety. The dual variety 
X* of X is the closure of all points H e (P^)^ 7 such that as a hyperplane 
H contains the tangent space Tx, p for some smooth point p E X, where 
(P JV ) V is the dual projective space. A variety X in P^ is said to be dual 
defective if the dimension of X* is less than N — 1. The dual defect of 
X is the natural number N — 1 — dimX*. 

As an easy corollary of Theorem II .![ we obtain a sufficient condition 
such that P is a Cayley polytope by using dual defects. This is a 
generalization of a result proved in |CCj or [EsJ, which is the case 
r = 1 of the following: 

Corollary 4.2. Let P be a lattice polytope of dimension n in IR n . As- 
sume that the lattice points in P span the lattice Z n , and the dual defect 
of the image <f)p(Xp) C P^ is a positive integer r. Then P is a Cayley 
polytope of length r + 1. In particular, P has lattice width one. 

Proof. It is well known that a projective variety X C P^ has dual 
defect r, then X is covered by r-planes (cf. \Te[ Theorem 1.18] for 
example). Thus if the dual defect of (fip(Xp) is r, then (fip(Xp) is 
covered by r-planes. The assumption that P D Z spans the lattice Z n 
means that <fip : Xp — > <pp(Xp) is birational. Since 4>p(Xp) is covered 
by r-planes and <pp : Xp — > <pp(Xp) is a birational finite morphism, 
(X P , L P ) is also covered by r-planes. Therefore P is a Cayley polytope 
of length r + 1 by Theorem 11.11 □ 

Remark 4.3. (1) In Corollary I4.2[ the assumption that P fl Z spans 
Z n is necessary. For example, let P C K 3 be the convex hull of 
(0,0,0), (1,1,0), (1,0,1) and (0,1,1). Then the image <p P {X P ) C P 3 
is P 3 , so the dual defect of 4>p(X P ) is 3. But P is not a Cayley poly- 
tope of length 4. 

(2) The converse of Corollary 14.21 does not hold. For example, let 
P C M 2 be the convex hull of (0,0), (1,0), (0, 1), (1, 1). Then P is a 
Cayley polytope of length 2, but (f)p(Xp) = Xp C P 3 is a smooth 
quadric surface, which is not dual defective. 

(3) There exists an explicit description of the dual defectivity for (Xp, L P ) 
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if Xp is smooth |DNj . But in singular cases, dual defectivities of toric 
varieties are not so well known. 

5. Lattice width one and Seshadri constants 

In this section, we characterize lattice polytopes with lattice width 
one by using Seshadri constants. Chapter 5 of |Laj is a good reference 
of Seshadri constants. 

Definition 5.1. Let (X,L) be a polarized variety of dimension n and 
p a point in X. The Seshadri constant s(X,L;p) of L at p is defined 
to be 

where C moves all curves on X containing p and m p (C) is the multi- 
plicity of C at p. It is easily shown that 

e(X, L;p) = max{s > | fi*L — sE is nef }, 

where p, is the blowing up at p and E is the exceptional divisor. 

It is well known that e(X, L;p) is constant for very general p, so we 
can define s(X, L; 1) to be 

e(X,L;l) = e(X,L;p) 

for very general p G X. 

Seshadri constants are invariants which measure the positivity of am- 
ple line bundles. Computations of Seshadri constants sometimes give 
interesting geometric consequences, but it is very difficult to compute 
Seshadri constants in general. However, if \L\ is base point free, we 
know whether e(X, L; 1) = 1 or not by considering lines on (X, L): 

Proposition 5.2. Let (X, L) be a polarized variety and assume that 
the linear system \L\ is base point free. Then e(X, L; 1) = 1 if and only 
if (X, L) is covered by lines. 

Proof. "If" part is easy. In fact if (X,L) is covered by lines, then 
clearly e(X, L; 1) < 1 holds by the definition of Seshadri constants. On 
the other hand, it is well known that e(X, L; 1) > 1 holds for any base 
point free L \L&\ Example 5.1.18]. So e(X,L; 1) = 1 holds. 

Thus it is enough to show the "only if" part. Assume that e(X, L;l) = 
1 holds. Let </> : X — > F N be the morphism defined by \L\, and set d be 
the degree of the finite morphism <p : X — > 4>{X). Fix a very general 
point p G X and set q = <p(p) G P^. Then = {pi, . . . ,Pd} is a 

set of d points in X, where p = p±. 

We consider the following diagram: 
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N-l 



In the above diagram, tt : X — > X and tt' : F N — > F N are the blowing 
ups along {pi, . . . ,pd} and q respectively. Then 0, tt, and tt' induce a 
finite morphism : X — > F . Let Ei, . . . , E^ and E be the exceptional 
divisors over {pi, . . . ,pd} and q respectively. Since 7r'*0 P jv(l) — E is 
base point free, this induces a morphism /' : F N — > P^ -1 . Set / = 
f'o$:X -> F N ~\ Note that f*0 ¥ N-i(l) = tt*L - £? =1 E i and / is 
the morphism induced by \tt*L — Y2t=i E i\- 

By the assumption that e(X, L; 1) = 1 and p is very general, tt*L — 
E\ is nef but not ample. So there exists a subvariety Z in X such 
that Z.(tt*L - Ei) dimZ = (see [Lai Proposition 5.1.9]). Furthermore, 
Z.(tt*L — Yli=i Ei 



\dimZ 



> by the freeness of tt*L — ^2 i= 

d 

< Z.(tt*L ~^TEi 



Ei. Hence 



\dim Z 



Z.L 



dimZ 



8=1 
d 

E 

i=l 



m Pi (Z) 



< z.L d[mZ -m Pl (Z) 

= Z.(tt*L - Ex)*™* : 

where Z = tt(Z) is the image of Z by tt and m Pi (Z) is the multiplicity 
of Z at pi. Thus we obtain 

d 

= Z.(tt*L -Y,Ei) dimZ = Z.(tt*L - E 1 ) dimZ 
i=i 



0. 



and m Pi (Z) = for i ^ 1. This means p« ^ Z, or equivalently ZdEi = 
for 1. The equality Z ''.(tt* L -J2f =L Ei) dimZ = implies dim f(Z) < 
dimZ. So there exists a curve C C Z such that f{C) is a point. Set 
C = tt(C) be the image of C in X. Since the morphism <p is finite 
onto the image, (f>(C) is a curve on P w which is contracted by /', i.e. 
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0(C) (= 7r'(0(C))) is a line on F N containing q. Note that is etale 
onto the image at p, and 0(C) is smooth at q = 0(p), so C is also 
smooth at p. Since /(C) is a point, C.{ji*L — J2i=i Ei) = holds and 
CnEi c Zn£, = for 1. Thus = C.{ir*L-E x ) = C.L-m p (C) 
holds. From this, we have 

1 = m p (C) = C.L = 0*(C).CV(1) = deg(0| c : C ->• 0(C)). 

Thus 0|c : C — » 0(C) = P 1 is an isomorphism and C.L = 1, i.e. C is a 
line on X containing p. So (X, L) is covered by lines. □ 

Remark 5.3. The assumption that \L\ is base point free is necessary 
in Proposition 15.21 For example, let (S, L) be a non-rational polarized 
smooth surface such that L 2 = 1, e.g. S is a Godeaux surface and L 
is the canonical divisor K$- Then e(S, L; 1) = 1 holds by [ELJ and 
the assumption L 2 = 1. But 5" is not covered by lines because S is 
non-rational. 

By Theorem 11.11 and Proposition 15.21 , we obtain the following: 

Corollary 5.4 (= Theorem 11.21) . Let P C M n be a lattice polytope of 
dimension n. Then the following are equivalent: 

i) P has lattice width one, 

ii) (Xp,Lp) is covered by lines, 
hi) e(Xp,L P ;l) = 1. 

Proof, i) <^ ii) follows from Theorem 11.11 and Remark 12.31 ii) <^ iii) 
follows from Proposition 15.21 □ 

As stated in Introduction, this corollary tells us for which P the 
Seshadri constant s(Xp, Lp; 1) is one. We note that Nakamaye [Naj 
gives an explicit description for which polarized abelian variety (A, L) 
the Seshadri constant e(A, L; 1) is one. 
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